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  Some readers may think there is a typo in the title, and it is true that a good proportion of this paper will address practical reasoning and problem solving in primary maths teaching.  However, the preposition in the title is advised. I shall argue that there is a seismic fault in the arguments for Shanghai-style maths pedagogies, and that, even measured against their own rhetoric, government approaches at the moment are in danger of producing the reverse effect to that which they seek.    Freud famously said that ‘the devil is in the detail’, and to make this argument, we need to delve into the practical details of primary maths teaching.  In helping children to understand the necessarily abstract mathematical concepts at each stage, and to enable them to acquire mathematical skills, primary teachers use a range of by now largely familiar images and models.  In the UK, it is fair to say that these images and models have generally been used somewhat haphazardly.  The particular set used in a classroom is likely to depend more on teacher choice and experience than on any set of rigorously developed principles throughout the school.  Teacher A may have been on a Numicon course, and uses this apparatus for everything, whilst, in the following year, Teacher B continues to use the bead bar and number line that was so much a part of her training. There is little communication on this subject between teachers A and B and therefore no coherence in their models and images. In a similar vein, precisely how children are encouraged or required to lay out their calculations may be equally arbitrary. Teacher A prefers to write the carry-digit below the bottom line in a column addition, but Teacher B places it above the top number.  And there is all too often a third inconsistency — the pedagogical language, what I term the ‘patter’, is frequently not consistently developed from P1 to P7 in primary schools.  (I shall return to elaborate the notion of ‘patter’ later.)  So it is clear to us all that what is needed is a 

developmental approach to models and images, to the layout of calculations (mental and written) and to the use of pedagogical language.  Schools should, as I have demonstrated in a previous 

paper, develop different models in a systematic way through the school.1  The number line, which may start life as a pegged track or a set of large numbered tiles along the carpet, evolves into the bead bar in P1, the landmarked line in P2, the Empty Number Line or ENL in P3, and may be the basis for explaining and understanding long division in P5.  The much talked of bar model may start life as a line of cubes where one cube is represented by one space on the bar in P1 and evolve into a bar where a ‘box’ represents a larger number (there are too many to draw 1 space for each unit) and hence into the familiar part/whole where one part may represent an unknown.     
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1 1 1 1 1 1  4 2  4 ?  Many excellent mathematical models, including the 1-100 number grid, Place Value apparatus, Place Value charts, Arrow cards, etc. can be developed through the school to great effect.    It is also very clear that effective schools adopt a similarly structured and developmental approach to the use of layout in calculation.  On Hamilton (www.hamilton-trust.org.uk/) we develop the layout for column addition and subtraction in the following way. 
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 100 70 7   1 7 7                                                         1 See Textbooks from Shanghai and Singapore: A 
National Debate by Ruth Merttens, May 2015 Mathematics Association Plenary Lecture.   



The main reason for two apparent oddities in the above progression is highly pragmatic.  The first is the question of whether to teach expanded column addition at all.  It is true that, to my knowledge, there is no firm evidence that teaching expanded vertical addition (previous page, left) before teaching compact vertical addition (previous page, right) gives a greater chance of success, in terms of the numbers of children who will be able to do this with confidence, than is achieved by going straight to compact addition.  However, there is compelling evidence from both research and practice, that teaching expanded column subtraction (above left) results in a greater success rate than if we go straight to compact column subtraction (above right).  Therefore, we teach the expanded column addition largely because it means children are familiar and comfortable with this layout before they engage in the much more difficult topic of column subtraction.  This approach obviously has an advantage in mixed-age range classes as well, where we may be teaching both algorithms to different year groups in the one class.    The second oddity is the slightly unconventional line space above the drawn lines enclosing the answer, below the numbers to be added.  This space allows for the ‘carry-digits’ to be placed in the right column and written in a normal size.  (After all, it is not a ‘small ten’ we are ‘carrying’ over into the tens column!)  This layout produces fewer errors than any other; children are 

considerably less inclined to forget to add the carry-digit.    The salient point here is that schools need a 
consistent developmental approach from P1 to P7 
to calculation layout as well as to models and 
images. Layout and models are inextricably linked and a coherent approach will ensure that each teacher draws upon and develops the models and layouts used in previous year groups.    In the same way, we need to develop the use of consistent and coherent pedagogical language.  By pedagogical language, I mean those small turns-of-phrase and ‘patters’ that teachers use to engage children’s attention and to help them to identify and refer to a particular strategy or set of strategies.  Let us take two examples: Spider and Frog.  Spider is introduced in Y1 as characterising a type of counting (counting in tens) as spiders live on the ceiling and come down on their web (see Miss Muffet). So spiders count down and up the 1-100 number grid. Flies count in ones along the rows.  Then when we are doing 46 + 21, we can remind children ‘spider first’, so that they add the tens and then the ones.  In P3 say, when we use the 10-1000 number grid, Spider counts down in 100s, and Fly counts along in 10s.  In P4, on the 0.1 to 10 grid, Spider counts down in ones and Fly counts  along in tenths.     
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Maths Frog helps children to count up by hopping along the number line. Frog is clever so she always hops to the next ten. As children get more confident, they find that Frog hops to the next hundred in one hop.  This is very useful as in P5, Frog can hop easily to the next unit when subtracting decimals.    The point about characterising particular strategies in a way which is both engaging and also links them to appropriate models, is that children do remember them.  And memory, as I have previously argued, is well known to be UK children’s ‘short suit’.  So this patter, the spiders, frogs and crocodiles (< and >), make for good, engaging maths lessons; they engender robust understanding and retention of concepts and skills. It is important to insist, however, that, as with models, images and calculation layouts, this pedagogical patter only works if it is developed systematically and coherently through the school.    But a thought intrudes.  If consistency is of such prime importance, why not do as the pedagogies from the Far East tend to do, and restrict or constrain the number of models, images and layouts that children are required to use.  Just 

have one or two good models and one way of doing each operation with a prescribed layout, and all our problems will vanish, goes the thought. An example will help us tease out the practical reasoning here.    For many years, and cemented by the approach of the NNS, we have taught subtraction in two ways – as counting back (taking away) where simple mental strategies lead to decomposition (column) subtraction.  And as counting up, where Frog helps us develop more complex mental strategies and fluency.  Deciding which method to use will depend upon the numbers.   So 2003 – 875 can be:   
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              125                            1003        875                   1000                    2003  Clearly the strategy of counting up is less error prone here than decomposition, and can be done mentally, possibly with a jotting.  Similarly, we allow for different methods for doing multiplication and division: 1,000,000 ÷ 8 is much better done by halving three times than by the bus-stop style short division algorithm. And the infamous 50 × 70 question set to the equivalent of P6s down in England is definitely NOT a calculation for which secondary colleagues would be wanting pupils to write a long multiplication algorithm!    So we have traditionally used a variety of methods in UK primary maths education, and we have encouraged children to choose the strategy to suit the calculation.  And there are excellent reasons why this pedagogy is now more important than ever, and why we simply cannot afford, as a nation, to go down the route of: ‘one prescribed model with one linked and prescribed method’ for each operation. In order to understand these arguments, we need to reason practically about the role of problem solving in teaching maths.    In England, we are told that all children need to 
master age related expectations, provided as statutory outcomes.  It is worth noting two things: first, that the primary maths curriculum in 

England is the most crowded and over-filled we have ever had. (All the number and most of the measures which was early secondary is now upper primary.)  Second, problem solving is largely conspicuous by its absence.     So what may we understand by ‘master age 
related expectations’? The importance of both 
procedural fluency and conceptual understanding has been strongly emphasised as essential attributes of mastery.  In addition, we have skills and also meta-skills.  Virtually no emphasis is given to the latter which are nevertheless crucial and, importantly, cannot be directly taught. We can model or demonstrate a skill; children can imitate it and articulate it, putting it into their own words, linking it to their existing knowledge. They can then embed this skill through rigorous practice.  But we cannot directly teach a meta-skill.  We can teach 6 year-olds to count back to find 5 less than 22. We can teach them to count up to solve 22 – 18.  But the only way they will learn to identify correctly when it is appropriate to count up and when to count back is by being asked to make this decision on many occasions and in a variety of different contexts. Meta-skills are precisely why teaching children to read is so hard. We can teach them to sound out and also to read past a word and put it in later. But we cannot teach them that it is really sensible to sound out ‘Batman’ but not so to sound out ‘beauty’.  The meta-skill consists (partly) in knowing when it is appropriate to use the skill.
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So it is these meta-skills that are the crux of the matter. If we teach subtraction, as they do in Singapore or China, using just one method (decomposition), then it is true that, given sufficient ‘drill-and-practice’, children may become proficient in it.  This will, to a degree, offset the fact that it is a more error-prone method when used in non-appropriate calculations, e.g. for 2003 – 875. BUT the children will not then develop meta-skills because they are not having to 
make decisions.  They do not need to choose when to use a particular strategy. They never have to decide which procedure best fits a particular situation.  This lack of meta-skills is disastrous in two ways:   1. The development of meta-skills strictly is the development of mathematical reasoning.  Thinking mathematically requires precisely this type of decision-making. If children do not become proficient decision-makers in mathematics from a very young age, then we will severely limit their ability to take the subject very far.   2. We cannot know what skills the children we are now teaching will need in 2030 or in 2040.  But we do know that they will need meta-skills.  They will need to be able to select the most appropriate strategy or method at any given moment.  They will need to make decisions as to which procedures to develop and which to abandon.  The ability to think mathematically will be far more important that the ability to do any one particular algorithm.    So we need to sustain a diversity of models and images, with a consistent set of calculation layouts to accompany them. But each model must be systematically developed and all models need to be taught as a coherent formation throughout primary school. Having a variety is fine, but there must be both a developmental approach and a coherent structure into which they fit.    The advantages of this in the UK context are obvious. As I and others have commented elsewhere, here we have neither homogenous classes nor a compliant set of children [1]. And memory is our short suit.  So using a variety of different models ensures that if a child doesn’t ‘get it’ one way, we help them to ‘see it’ in another.  It also allows teachers to emphasise different models or images to suit particular contexts, and promote their own pedagogical preferences.  Teachers in the UK are not a homogenous bunch 

either! Finally, children here are unlikely come to procedural fluency without conceptual understanding. There is an expectation that we learn through developing our understanding, and this applies to mathematics as well as to everything else.    The role of problem solving in teaching maths is now thrown into sharp relief.  We can see from the matrix on the previous page that the top right box (conceptual understanding / meta-skills) is central to mastery. And this is precisely the area of problem solving activities and investigations.  In the context of these, children have to make decisions and justify choices.  They have to reason and to follow a logic which they can articulate.   “I thought I should try adding the numbers, as I might see a pattern,” a 9-year old told me last week, when they were exploring prime numbers.  “I didn’t write the additions as they were always near doubles so I could do them in my head.”  She had made a decision about what to do, and also a choice of strategy (i.e. not on this occasion to use column addition).  That top right box of the matrix is proof that using problem solving activities and investigations is not optional in teaching mathematics; it is central to the whole endeavour.    In summary, if the government want children who, at the end of primary education, have good conceptual understanding in mathematics and are also numerically fluent, if they want enthusiastic problem solvers and good mathematical thinkers, then we need a pedagogy to suit.  We cannot teach one way of doing each operation, as children will fail to develop important meta-skills.  We cannot use just one narrow set of images and models as it will not suit a diverse group of children and we cannot develop the models we need to suit the different strategies. If we teach just one way to subtract, all children will be able to do is that subtraction. They will neither be able to think mathematically nor to solve problems. We will not have prepared them for the 21st century.    
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